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Abstract
We establish conditions under which the worldsheet β-functions of logarithmic con-
formal field theories can be derived as the gradient of some scalar function on the
moduli space of running coupling constants. We derive a renormalization group in-
variant version of this function and relate it to the usual Zamolodchikov C-function
expressed in terms of correlation functions of the worldsheet energy-momentum ten-
sor. The results are applied to the example of D-brane recoil in string theory.
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Logarithmic conformal field theories [1] are extensions of conventional conformal field
theories which have in recent years emerged in a number of interesting physical problems
in condensed matter physics [2], string theory [3]–[6], and nonlinear dynamical systems [7].
They are characterized by the fact that their Virasoro operator L0 is not diagonalizable,
but rather admits a Jordan cell structure whose basis yields the set of logarithmic oper-
ators of the theory. The non-trivial mixing between these operators leads to logarithmic
divergences in their correlation functions. Such theories therefore exhibit logarithmic scal-
ing violations on the worldsheet. Nonetheless, it is possible to deal rigorously with the
Jordan cell structures of these theories and classify their conformal blocks to some extent
as in ordinary conformal field theories.
Theories involving logarithmic operators lie on the border between conformal field
theories and generic two-dimensional quantum field theories. They can be viewed as de-
formations of conformally-invariant theories whose critical exponents are in general not
scale invariant. Being rather subtle perturbations away from the fixed points in the space
of two-dimensional field theories, it is natural to ask to what extent the conventional
formalisms for studying the properties of conformal field theories can be extended when
logarithmic operators emerge. In this letter we shall discuss the roˆle played by loga-
rithmic conformal field theories in the geometry of the moduli space of two-dimensional
renormalizable field theories. In particular, we examine in these cases an analog of the
Zamolodchikov C-function [8] which interpolates among two-dimensional quantum field
theories along the trajectories of the renormalization group and whose stationary points
coincide with the fixed points of these flows. At these points the C-function is the central
charge of the resulting conformal field theory.
For a generalized σ-model on a Riemann surface Σ with worldsheet energy-momentum
tensor T , the Zamolodchikov C-function [8]
Φ[g] =
∫
Σ
d2z
(
2z4 〈Tzz(z, z¯)Tzz(0, 0)〉g − 4z
3z¯ 〈Tzz(z, z¯)Tzz¯(0, 0)〉g
− 6z2z¯2 〈Tzz¯(z, z¯)Tzz¯(0, 0)〉g
) (1)
can be regarded as an effective action in the space of two-dimensional renormalizable field
theories on Σ [9, 10]. The expectation values in (1) are taken in a conformal field theory
deformed by vertex operators with associated coupling constants gI . The corresponding
classical equations of motion are the gradient flow property of the C-function which for
unitary theories leads to the C-theorem
dΦ
dt
= −12
∑
I,J
βIGIJβ
J ≤ 0 (2)
where t is the renormalization group parameter, βI [g(t)] = dgI(t)/dt are the worldsheet
β-functions, and GIJ is the positive-definite Zamolodchikov metric on the moduli space
of running coupling constants gI(t). The C-function therefore decreases monotonically
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under renormalization group transformations, thereby providing an analog of an entropy
function, and the C-theorem suggests a geometrical picture for the equivalence of confor-
mal invariance conditions and background string field equations of motion.
In the following we shall examine conditions under which there exists a suitable variant
of the C-function whose gradient flows coincide with the worldsheet β-functions associ-
ated with the perturbation of conformally-invariant quantum field theories by logarithmic
operators. We will show that with a proper covariantization of the β-function equations
using the Zamolodchikov metric, there are indeed conditions under which such a scalar
function exists. This is in contrast to the approach of [11] which used non-covariantized
β-functions, for which there is no gradient flow for the coupling constants in logarithmic
conformal field theories. The method we shall employ is an extension of the approach of
[12], where by generic scaling arguments it was argued that in conventional d-dimensional
scale invariant quantum field theories a gradient flow for the renormalization group equa-
tions is always possible, within certain classes of renormalization schemes.
We consider the simplest case of a two-dimensional logarithmic conformal field theory
that has a 2 × 2 Jordan block in which the logarithmic operators C and D have equal
conformal dimension (∆,∆). For ease of notation, we work in only one chiral sector of the
worldsheet theory and take C andD to be holomorphic fields. A conformal transformation
z 7→ f(z) on Σ mixes the pair of fields as
C(z) 7→
(
df−1(z)
dz
)∆
C
(
f−1(z)
)
D(z) 7→
(
df−1(z)
dz
)∆ [
D
(
f−1(z)
)
+ log
(
df−1(z)
dz
)
C
(
f−1(z)
)] (3)
where an appropriate normalization for the D operator has been chosen. It follows that
the corresponding states |C〉 = C(0)|0〉 and |D〉 = D(0)|0〉 generate a rank 2 Jordan cell
structure for the Virasoro operator L0,
L0|C〉 = ∆|C〉
L0|D〉 = ∆|D〉+ |C〉
(4)
Consistency of invariance under the action of the Virasoro generators leads to a set of
partial differential equations [13] (or fusion rules [1]) for the two- and three-point functions
involving the logarithmic pair C,D. For the two-point functions this yields [1, 13]
〈C(z)C(w)〉 = 0
〈C(z)D(w)〉 =
a
(z − w)2∆
〈D(z)D(w)〉 =
1
(z − w)2∆
(
b− 2a log(z − w)
) (5)
where b is an arbitrary (integration) constant and the coefficient a is fixed by the leading
logarithmic term in the conformal blocks. These properties are the basic, non-trivial
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characteristics of quantum field theories involving logarithmic operators, and are what
will lead to some noteworthy features in connection with their behaviour in moduli space.
Because of its logarithmic scaling violations, the quantum field theory naturally con-
tains an ultraviolet scale Λ on Σ.3 We suppose that the logarithmic pair C,D is con-
structed from the fields of some conformally-invariant theory with action S∗. We may
then consider the deformation of this theory by the logarithmic operators defined by the
action
S = S∗ +
∫
Σ
d2z Λ2−∆−∆
(
gCC(z, z¯) + gDD(z, z¯)
)
(6)
where gC and gD are dimensionless coupling constants which depend on the scale Λ. In
writing (6) we have multiplied together the holomorphic and antiholomorphic components
of the logarithmic fields. We are interested in the flows of these coupling constants under
the renormalization group, which in this case are non-trivial. In the case that the deforma-
tion is given by operators which transform covariantly under conformal transformations,
the conformal field theory S∗ can be regarded as an ultraviolet (or infrared when Σ is
compact) fixed point of this flow. In the present case, however, the logarithmic scaling
violation (3) implies that the running coupling constants transform non-covariantly under
scale transformations z 7→ λz,
gC 7→ gC + (log λ) gD
gD 7→ gD
(7)
The coupling constants (gC, gD) can be regarded as coordinates on the moduli space of
deformed conformal field theories of the form (6), with origin taken at S∗. The Zamolod-
chikov metric on this space is defined in a neighbourhood of S∗ by the two-point functions
GIJ(S∗) ≡ (z − w)
2∆ 〈I(z)J(w)〉
∣∣∣
z−w=Λ
, I, J = C,D (8)
which using (5) gives
G(S∗) =
(
0 a
a b+ 2at
)
(9)
where t = − log Λ is the renormalization group evolution parameter. The full metric,
constructed from both chiral components of the fields, factorizes into holomorphic and
antiholomorphic pieces each of the form (9). Now we change from the C,D basis in
coupling constant space to
g′C = gC − t gD
g′D = gD
(10)
Then from (7) it follows that the new set of moduli space coordinates (10) are (classically)
invariant under scale transformations.
3We assume that all correlators of the quantum field theory are infrared soft and ignore
possible infrared divergences.
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To solve the corresponding renormalization group equations, we identify the bare
coupling constants g′I0 = g
′I(t =∞) and expand the running coupling constants g′I(t) as
a power series in g′I0 near the critical point S∗,
g′I(t) = e(2−∆)t g′I0 +
π
2−∆
(
e2(2−∆)t − e(2−∆)t
)∑
J,K
cIJK(S∗) g
′J
0 g
′K
0 +O(g
′3
0 ) (11)
where cIJK are the operator product expansion coefficients of the logarithmic pair at S∗
defined by
I(z)J(w) ∼ (z − w)−∆
∑
K
cKIJ(log Λ)K
(
1
2
(z + w)
)
(12)
for z−w ∼ Λ. The two-loop β-functions for the couplings (10) are therefore given by the
standard expression
β ′I [g′; t] ≡
dg′I(t)
dt
= (2−∆)g′I(t)− π
∑
J,K
cIJK(S∗) g
′J(t)g′K(t) (13)
Note that the operator product expansion coefficients (12) contain logarithmic scaling
violations, so that (13) also depends explicitly on the evolution parameter t, in contrast
to the usual Gell Mann-Low β-functions in the scale-invariant case [12]. They have been
computed in [13] and are given by
cCCC(t) = µ+ νt
cDCC(t) = ν
cCCD(t) = τ + (µ− ρ)t− νt
2
cDCD(t) = ρ+ t
cCDD(t) = γ + (2τ − δ)t+ (µ− 2ρ)t
2 − νt3
cDDD(t) = δ + 2ρt+ νt
2
(14)
where µ, ν, . . . are arbitrary (in general scale-dependent) constants. Substituting (14)
into (13) and transforming back to the unprimed coordinate system using (10) gives the
two-loop β-functions for the model (6)
βC[g; t] = (2−∆)gC − gD − πµ(gC)2 − 2π
[
τ + (1− 3ν)t2
]
gCgD
− π
[
γ + 4τt− (1− 4ν)t3
]
(gD)2
βD[g; t] = (2−∆)gD − πν(gC)2 − 2π [ρ+ (1− ν)t] gCgD
− π
[
δ − 2(1− ν)t2
]
(gD)2
(15)
As pointed out in [12], the β-functions as they stand cannot by themselves generate a
gradient flow for some scalar function C, because in the moduli space βI are contravariant
vectors whereas the gradient flow ∂C/∂gI is a covariant vector. One needs to contract the
β-functions with the Zamolodchikov metric (8) on moduli space to generate the appropri-
ate gradient flow. To put it differently, the operator product expansion coefficients cIJK
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are not completely symmetric in their indices, as would be required for the existence of the
function C. In [12] it was shown that precisely the contraction with the Zamolodchikov
metric makes the covariant operator product expansion coefficients cIJK =
∑
LGILc
L
JK
completely symmetric in their indices. The gradient flow equation in a neighbourhood of
the fixed point S∗ is therefore written as
∂C
∂gI
=
∑
J
GIJ(S∗) β
J (16)
To two-loop order, which yields the exact result within the Wilson renormalization scheme,
the Zamolodchikov metric contains no linear terms in the gI . This can be interpreted [12]
as a choice of a normal coordinate frame in moduli space, in which connection coefficients
vanish.
Using (9) and (15) in (16), we can now write down the curl-free condition for the
function C in the normal coordinate frame. From this it follows that a gradient flow up
to O(g2) can be satisfied provided that the operator product expansion coefficients (14)
satisfy the conditions
a(ρ− µ) = bν − a(1− 3ν)t
a(δ − τ) = bρ+ [b(1− ν) + 2aρ]t + a(5− 7ν)t2
(17)
Notice that these conditions necessitate the scale dependence of at least some of the
coefficients. For instance, it is not possible to arrange for a simultaneous vanishing of the
t2 and t dependent terms. With the integrability conditions (17), the flow equation (16)
can be integrated to yield
C[g; t] = c∗(t) + (2−∆)a g
CgD − π
3
aν(gC)3 − aπ [ρ+ (1− ν)t] (gC)2gD
− aπ
[
δ − 2(1− ν)t2
]
gC(gD)2 + 1
2
[(b+ 2at)(2−∆)− a] (gD)2
− π
3
[
γa+ 4τat− (1− 4ν)at3 + (b+ 2at)(δ − 2(1− ν)t2)
]
(gD)3
(18)
where c∗(t) is an arbitrary function of t, but not of the coupling constants, arising from
the moduli space integration. It can be set to a constant by an appropriate choice of
renormalization scheme. We note from (17) that a = 0 implies b = 0, for which the effec-
tive action (18) is trivial. In general one needs the mixing between the pair of logarithmic
operators to generate a non-trivial gradient flow. In fact, the coefficient b can be set to 0
by a shift D → D+(const.) ·C in the logarithmic conformal algebra, but we shall now see
that invariance under renormalization group transformations imposes much more severe
restrictions on the coefficients in (5).
Notice that as a result of the explicit dependence on t, which cannot be absorbed into
a renormalization of the coupling constants, the flow function C is in general not renor-
malization group invariant, in contrast to the conventional cases. As we have mentioned,
this is a generic feature of logarithmic conformal field theory. Its total scale derivative is
dC[g; t]
dt
=
∂C[g; t]
∂t
+
∑
I
βI [g; t]
∂C[g; t]
∂gI
6= 0 (19)
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However, it is possible to cast C[g; t] in a form compatible with standard renormalization
group invariant quantities. This is precisely the case in the conventional scale invariant
two-dimensional field theories [8, 12], where the function C can be constructed out of
renormalization group invariant two-point functions (1) of the energy-momentum tensor4.
For the function (18), the requirement ∂C/∂t = 0 along with the integrability conditions
(17) are satisfied if and only if
d
dt
a = d
dt
ν = 0
ρ(t) = (ν − 1)t
δ(t) = 2(1− ν)t2
b(t) = −2at
µ(t) = 0
τ(t) = (3ν − 1)t2
γ(t) = (5− 16ν)t3
(20)
In (20) we have ignored irrelevant integration constants for simplicity. Their inclusion
does not qualitatively affect the results and can be easily incorporated below by adding
(18) for t = 0. Then, the renormalization group invariant C-function is
C0[g] = c∗ + (2−∆)a g
CgD − π
3
aν(gC)3 − a
2
(gD)2 (21)
For these choices the Zamolodchikov metric is off-diagonal, GCC = GDD = 0, GCD =
GDC = a, and scale independent.
Note that this t independence requirement fixes the operator product expansion coef-
ficients (14) up to the constants a and ν. When ν = 0, the only non-vanishing coefficient
(14) is
cCDD = t
3 (22)
In the case that the deformation is marginal, i.e. ∆ = 2, the renormalization group
equations can be integrated to yield
gD(t) = const. , gC(t) = const. + gDt− π
2
(gD)2t4 (23)
and the two-loop flow function is purely quadratic in the bare coupling constant gD0 ,
C0[g]
marg = c∗ −
a
2
(gD0 )
2 (24)
It is instructive at this stage to consider a specific example. We shall briefly describe
the situation for the case of D-brane recoil in string theory [4]–[6]. Consider a set of
bosonic fields xµ(z, z¯) defined on a disc Σ, where µ = 0, 1, . . . , 9. These fields propagate
4The fact that the energy-momentum tensor is not renormalized stems from the renormaliz-
ability of two-dimensional field theories.
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according to the free σ-model action S∗ =
1
2
∫
Σ(∂x
µ)2. The recoil of a D-particle in this
model, due to the emission or scattering of open and closed string states off of it, is
described by the pair of operators
Cǫ = ǫΘǫ(x
0) , Dǫ = x
0Θǫ(x
0) (25)
where the infinitesimal parameter ǫ→ 0+ regulates the step function Θ(x0). The operators
(25) ensure that, in an impulse approximation, the D0-brane starts moving only at time
x0 = 0. They generate a logarithmic conformal algebra with conformal dimension ∆ =
−ǫ2/2 < 0 [4]. The total dimension of the corresponding deformation operator
∫
Σ ∂ ·
[(yiCǫ + uiDǫ)∂x
i], i = 1, . . . , 9, added to the action S∗ is then 2 − ǫ
2 which for non-zero
ǫ describes a relevant deformation of this conformal field theory. It becomes marginal in
the limit ǫ→ 0+. Furthermore, in the correlated limit ǫ→ 0+ with
ǫ2 t = −ǫ2 log Λ = const. (26)
the two-point correlation functions of the pair (25) are [4]
〈Cǫ(z)Cǫ(0)〉 ∼ O(ǫ
2)
〈Cǫ(z)Dǫ(0)〉 ∼
π
2
√
π
ǫ2t
(
1− 2 log(z/Λ)
)
〈Dǫ(z)Dǫ(0)〉 =
1
ǫ2
〈Cǫ(z)Dǫ(0)〉
(27)
Note that the last correlator in (27) follows from the general (formal) property D =
∂C/∂∆ of logarithmic conformal field theories [13, 14]. It is also straightforward to show
that in the limit ǫ → 0+ all the operator product expansion coefficients vanish except
that associated with the three-point function 〈DDD〉, which diverges as ǫ→ 0+.
Thus in the limit (26), we recover a canonical logarithmic conformal algebra, with the
renormalization group invariant choice b = −2at naturally recovered from the elimination
of the target space regularization parameter ǫ. In the present case, renormalization group
invariance thus translates into a relationship between target space and worldsheet scales.
The coupling constants gC of C represent the collective coordinates of the D-particle,
while the couplings gD represent its momentum. The scale parameter t can be identified
with the worldsheet zero-mode of the temporal embedding field x0. From (23) it follows
that upon choosing an appropriate renormalization scheme with new scale t′ = t− π
2
t4gD,
the coupling constant gD plays the roˆle of a uniform velocity u for the D-particle whose
collective coordinate gC ∼ y(t′) follows the linear time trajectory y(t′) = y + ut′ corre-
sponding to a Galilean boost of its rest frame. The resulting quadratic action (24) is the
leading order term of the standard Born-Infeld Lagrangian for D-particles. These results
have been established directly using σ-model perturbation theory in [6].
We now address the problem of representing the flow function obtained above in
terms of correlation functions of the quantum field theory, as in (1). The original ingre-
dients of the proof of the C-theorem [8] are the conservation of the worldsheet energy-
momentum tensor T , arising from two-dimensional general coordinate invariance, and its
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non-renormalization. As shown in [10], the explicit forms of the two-point correlation
functions of the energy-momentum tensor are not important in this proof. The conserva-
tion law for T reads
∂ Tzz(z, z¯) +
1
4
∂ Tzz¯(z, z¯) = 0 (28)
Applying (28) to the two-point functions in (1), and using the reality of these correlation
functions which allows one to replace the differential operators z∂ and z¯∂ by ∂/∂t, one
easily arrives at the C-theorem [8, 10]
∂Φ[g]
∂t
= 12
∫
Σ
d2z z2z¯2 〈Tzz¯(z, z¯)Tzz¯(0, 0)〉g (29)
without needing to explicitly know the components of the energy-momentum tensor, but
merely as a consequence of very general symmetries.
The important issue which arises in the presence of logarithmic deformations con-
cerns the renormalization of the energy-momentum tensor. We shall now argue that the
non-renormalization of T extends to the logarithmic conformal field theory case. For
this, we consider the behaviour of the logarithmic pair C,D under the action of the
energy-momentum tensor field. From (3) it follows that the pertinent operator product
expansions read
T (z)C(w) ∼
∆
(z − w)2
C(w) + . . .
T (z)D(w) ∼
∆
(z − w)2
D(w) +
1
(z − w)2
C(w) + . . .
(30)
for z − w → 0, where the dots denote sub-leading terms. Using (3) for a scale transfor-
mation z 7→ e−tz as t varies, we have the field scaling property
∂C
∂t
= 0 ,
∂D
∂t
= C (31)
Differentiating both sides of (30) with respect to t and using (31) it follows that
∂
∂t
[
(z − w)2T (z)
]
C(w) =
∂
∂t
[
(z − w)2T (z)
]
D(w) = 0 (32)
which implies that T is not renormalized in the logarithmic conformal field theory. Thus
the standard proof of the C-theorem applies in this case, allowing us to write (29) in the
form ∑
I
βI
∂Φ
∂gI
= −12
∑
I,J
βIGIJβ
J (33)
where we have used the standard expression for the representation of correlators of the
energy-momentum tensor in terms of the deformation vertex operators5.
5This representation extends to the logarithmic case as a consequence of the scale-invariance
of the free energy of generic two-dimensional quantum field theories.
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From (16) and (33) it follows that the flow function C is related to the canonical
Zamolodchikov C-function by
∂C[g; t]
∂gI
= −
1
12
∂Φ[g]
∂gI
+AI [g; t] where
∑
I
AI [g; t]β
I [g; t] = 0 (34)
The appearence of the function AI in (34) again implies certain constraints among the
operator product expansion coefficients of the logarithmic conformal field theory, arising
from the explicit scale dependences of the quantities involved. For the examples of string
σ-models in which βI =
∑
J G
IJδS/δgJ , one may take it to be of the form AI [g; t] =∑
J δg
JKJI [g; t], where δg
I is a symmetry transformation of the coupling constants. The
explicit form of the function (1) has been computed in [11] and is given to leading orders
by
Φ[g] = φ∗ − 6
[
2a(2−∆) gCgD −
(
a− b∗(2−∆)
)
(gD)2
]
(35)
which yields the scale-invariant flow function (21) to O(g2) in the coupling constant
expansion6. Note that this need not imply that the usual C-theorem holds because the
right-hand side of (29) need not be negative for non-unitary models, as is the case of most
logarithmic conformal field theories. Some conditions for the monotonicity of (35) under
a change of scale are given in [11].
It is straightforward to generalize the above analysis to the case where the logarithmic
conformal field theory contains a rank n > 2 Jordan block, as well as more than one Jordan
cell structure, using the two-point correlation functions and operator product expansion
coefficients computed in [13]. One problem not addressed by the present analysis is the
existence of the gradient flow globally on the moduli space, away from a neighbourhood
of a critical point S∗. There may be topological obstructions in moduli space to the
flow, and it would be interesting to examine more precisely the global properties of this
space for logarithmic conformal field theories. We note that the explicit scale-dependence
in the operator product expansion coefficients of a logarithmic conformal field theory
implies the breakdown of their interpretation as factorizable S-matrix elements in target
space. An analogous situation is present in the case of open systems, where an explicit
renormalization group dependence arises from ultraviolet divergences at the turning points
of closed time-like paths, and also in Liouville (non-critical) string theory where the
correlators depend explicitly on the worldsheet area in the fixed-area formalism [15]. In
this latter case the Liouville field can be identified with the target space time coordinate
[16], and the Liouville deformations of the cosmological constant are given by a set of
logarithmic operators.
6The constant coefficient b∗ is the scale invariant part of the condition b(t) = −2at+b∗ in (20),
which was ignored in the analysis above for simplicity. From (18) and (35) it is straightfoward
to see that the inclusion of such integration constants in the conditions (20) does not affect the
identification of − 112Φ with the renormalization group invariant flow function C0[g] to O[g
2].
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